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Abstract 

Let S)o (resp. fjoo) denote the class of commuting pairs of subnormal operators on 
Hilbert space (resp. subnormal pairs), and for an integer k > 1 let fj^ denote the 
class of /c-hyponormal pairs in S)o- We study the hyponormality and subnormality 
of powers of pairs in S)k- We first show that if (Ti, T2) G Sji, the pair (Tf, T2) may 
fail to be in Sji. Conversely, we find a pair (T\,T2) G Sjq such that (T 1 2 ,T2) G Sji 
but (Ti,T2) ^ Sji. Next, we show that there exists a pair (T\,T2) G f)i such that 
jTOj-n j g SUDnorm al (all m,n > 1), but (T\,T2) is not in -^00 5 this further stretches 
the gap between the classes S)\ and fjoo. Finally, we prove that there exists a large 
class of 2-variable weighted shifts (T\,T2) (namely those pairs in f)o whose cores 
are of tensor form (cf. Definition 3.4)), for which the subnormality of (T{%T2) and 
(Ti,T 2 2 ) does imply the subnormality of (T\,T<i). 
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1 Introduction 



The Lifting Problem for Commuting Subnormals (LPCS) asks for necessary and sufficient 
conditions for a pair of subnormal operators on Hilbert space to admit commuting normal 
extensions. It is well known that the commutativity of the pair is necessary but not sufficient 
([1], [23], [24], [25]), and it has recently been shown that the joint hyponormality of the pair 
is necessary but not sufficient [16], thus disproving the conjecture in [13]. An abstract answer 
to the Lifting Problem was obtained in [10], by stating and proving a multivariable analogue 
of the Bram-Halmos criterion for subnormality, and then showing concretely that no matter 
how /c-hyponormal a pair might be, it may still fail to be subnormal. While this provides new 
insights into the LPCS, it stops short of identifying other types of conditions that, together 
with joint hyponormality, may imply subnormality. 

Our previous work ([10], [16], [17], [18], [31]) has revealed that the nontrivial aspects of the 
LPCS are best detected within the class $)i of commuting hyponormal pairs of subnormal 
operators; we thus focus our attention on this class. More generally, we will denote the class 
of commuting pairs of subnormal operators on Hilbert space by fio, the class of subnormal 
pairs by Sjoo, and for an integer k > 1 the class of fc-hyponormal pairs in $) by S)k- Clearly, 
£)oo ^ ••• ^ $)k ^ ••• Q #2 Q fii Q $)o', the main results in [16] and [10] show that these 
inclusions are all proper. (The LPCS thus asks for necessary and sufficient conditions for a 
pair T Gf)o to be in f)oo.) 

In [19], E. Franks proved that if T = (Ti,T 2 ) G 9j and p(T) is subnormal for all polynomials 
p G C[z] with degp < 5, then T is necessarily subnormal. Motivated in part by this result, and 
in part by J. Stampfli's work in [28] and [29], in this article we consider the role of the powers 
of a pair in ascertaining its subnormality. Clearly, if T = (T 1; T 2 ) G f)oo, and if to, n > 1, then 
T (m,n) := (T™,T?) G £oo, and therefore T™T£ is a subnormal operator. It is thus natural to 
ask whether the subnormality of both T^ 2,1 ^ and T^ 1 ' 2 ) can force the subnormality of T. 

Our first main result shows that the class Sji is not invariant under squares, as follows: we 
construct a pair T = (T\, T 2 ) G £i such that = (T 2 , T 2 ) £ (Theorem 2.7). Conversely, 
we find a pair T G#o such that T {2 '^ = (T 2 ,T 2 ) G fa but T £ fa. We then show that for 
a large class of commuting pairs of subnormal operators, the subnormality of both T^ 2 ' 1 ) 
and T^ 1 ' 2 ) does force the subnormality of T. Concretely, if T G TC, the class of all 2- 
variable weighted shifts T G whose cores are of tensor form (see Definition 3.4 below), 
then T^ 1 ' 2 ) e S)^ ^ T {2 '^ G i}^ & T G floo (Theorem 3.9). Our results thus seem to 
indicate that the subnormality of T^ 2 ' 1 ), T* 1,2 ) may very well be essential in determining the 
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subnormality of T within the class Sjq (Conjecture 3.11). Next, we prove that it is possible 
for a pair T G f)± to have all powers T^T^ (m,n > 1) subnormal, without being subnormal 
(Example 4.5). This provides further evidence that the gap between the classes i)^ and i}i 
is fairly large. 

To prove our results, we resort to tools introduced in previous work (e.g., the Six-point Test 
to check hyponormality (Lemma 2.1) and the Backward Extension Theorem for 2- variable 
weighted shifts (Lemma 3.3)), together with a new direct sum decomposition for powers 
of 2-variable weighted shifts which parallels the decomposition used in [14] to analyze k- 
hyponormality for powers of (one-variable) weighted shifts. Specifically, we split the ambi- 
ent space l 2 (L 2 + ) as an orthogonal direct sum H° © H. 1 , where H m := VfcLo{ e (i,2fc+m) : j — 
0, 1, 2, • • • } (m = 0, 1). Each of the subspaces H° and H 1 reduces Ti and T 2 , and T^ 1 ' 2 ) is 
subnormal if and only if each of T^ 1 ' 2 ^-^ and T^ 1 ' 2 ^-^ is subnormal (cf. Figure 4). 

We devote the rest of this section to establishing our basic terminology and notation. Let H 
be a complex Hilbert space and let 13(H) denote the algebra of bounded linear operators on 
H. We say that T G 13(H) is normal if T*T = TT*, subnormal if T = N\ n , where N is normal 
and N(H)C H, and hyponormal if T*T > TT*. For S,T e 13(H) let [S, T] := ST - TS. We 
say that an n-tuple T = (Ti, • • • , T n ) of operators on H is (jointly) hyponormal if the operator 
matrix 

^ Pi*, Ti] [T 2 *, Ti] ••• [T*,T^ ^ 
[T , T] . = m,T 2 ] [T*,T 2 ] ••• [T n *,T 2 ] 

\[Tl,T n ] [T*,T n ] ••• \T*,T n }) 

is positive on the direct sum of n copies of H (cf. [2], [11], [13]). The n-tuple T is said to be 
normal if T is commuting and each T; is normal, and T is subnormal if T is the restriction 
of a normal n-tuple to a common invariant subspace. Finally, we say that a pair T = (Ti, T 2 ) 
is 2-hyponormal if T is commuting and (T 1? T 2 , T 2 , TiT 2 , T 2 2 ) is hyponormal. Clearly, normal 
subnormal 2-hyponormal hyponormal. 

The Bram-Halmos criterion for subnormality states that an operator T e 13(H) is subnormal 
if and only if 

^(T l x„T^)>0 

for all finite collections xo,x±, ■ ■ ■ ,Xk G H ([4], [5]). Using Choleski's algorithm for operator 
matrices, it is easy to verify that this condition is equivalent to the assertion that the /c-tuple 
(T, T 2 , • • • , T k ) is hyponormal for all k > 1. 

For a = {a n }^ a bounded sequence of positive real numbers (called weights) let W a : 
£ 2 (Z + ) — > £ 2 (Z + ) be the associated unilateral weighted shift, defined by W a e n := a n e n+ \ (all 
n > 0), where {e n }^ is the canonical orthonormal basis in £ 2 (Z + ). For notational con- 
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venience, we will often write shift(ao, cxi, • ■ • ) to denote W a . In particular, we shall let 
U + := shift(l, 1, • • • ) (U+ is the (unweighted) unilateral shift) and S a := shift(a, 1, 1, • • • ). 
For a weighted shift W a , the moments of a are given by 



It is easy to see that W a is never normal, and that it is hyponormal if and only if a < 
cci < Similarly, consider double-indexed positive bounded sequences ct k , /? k G £°°(Z^), 

k = (k±,k 2 ) G Z^ := Z + x Z + , and let £ 2 (Z+) be the Hilbert space of square-summable 
complex sequences indexed by T? + . (Recall that £ 2 (Z+) is canonically isometrically isomorphic 
to £ 2 (Z + ) (g)£ 2 (Z + ).) We define the 2- variable weighted shift T = (T 1: T 2 ) by 



In an entirely similar way one can define multivariable weighted shifts. 

A 2-variable weighted shift T = (Ti,T 2 ) is called horizontally flat if (XfaM) — a (i,i) f° r an 
ki, k 2 > 1; T is called vertically flat if P(ki,k 2 ) = A 1 . 1 ) f° r an ^2 > 1- If T is horizontally 
and vertically flat, then T is simply called flat. 

For an arbitrary 2-variable weighted shift T, we shall let 7£y(T) denote the restriction of 
T to M. i n Afj, where M.i (resp. Mj) is the subspace of £ 2 (Z^) spanned by the canonical 
orthonormal basis vectors associated to indices k = (ki,k 2 ) with k± > and k 2 > i (resp. 
k\ > j and k 2 > 0). 

Trivially, a pair of unilateral weighted shifts W 7 ^ and gives rise to a 2-variable weighted 
shift T = (Ti,T 2 ), if we let cx(ki,to) '■= a ki an d fi(kiM) '■= Pk 2 (&H ki, k 2 e Z 2 ^ ). In this case, T 
is subnormal (resp. hyponormal) if and only if so are T\ and T 2 ; in fact, under the canonical 
identification of and £ 2 (Z + ) <g> £ 2 (Z + ), Ti = / (g) W a and T 2 = W^® J, and T is also 

doubly commuting. For this reason, we do not focus attention on shifts of this type, and use 
them only when the above mentioned triviality is desirable or needed. Given k G Z^_, the 
moment of (a, (3) of order k is 




Tie k := « k e k + ei 
T 2 e-k := /3 k e k+£2 , 



where S\ := (1,0) and e 2 := (0, 1). Clearly, 




(1.1) 



fl 



if k = 



7k = 7k(a,/?) := < 
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(We remark that, due to the commutativity condition (1.1), 7k can be computed using any 
nondecreasing path from (0,0) to {ki,k 2 ).) We now recall a well known characterization of 
subnormality for multivariable weighted shifts [22], due to C. Berger (cf. [5, III. 8. 16]) and 
independently established by Gellar and Wallen [20]) in the single variable case: T = (Ti,T 2 ) 
admits a commuting normal extension if and only if there is a probability measure /x (which we 
call the Berger measure of T) defined on the 2-dimensional rectangle R = [0, ai] x [0, a 2 ] (where 
a, := ||Tj|| 2 ) such that 7k = J R s kl t k2 dfi(s,t), for all k G Z+. In the single variable case, if W a 
is subnormal with Berger measure £ Q and h > 1, and if we let Ch '■= V{ e n : n > h} denote the 
invariant subspace obtained by removing the first h vectors in the canonical orthonormal basis 
of £ 2 (Z+), then the Berger measure of W a \ Ch is ^(s); alternatively, if S : £°°(Z + ) -> £°°(Z + ) 
is defined by 

S(a)(n) := a(n+l) (a G £°°(Z+),n > 0), (1.2) 

then 

dts(a)(s) = 4^( S )- (!-3) 

Acknowledgments. The authors are very grateful to the referee for several suggestions which 
helped improved the presentation. Most of the examples, and some of the proofs in this paper 
were obtained using calculations with the software tool Mathematica [30]. 



2 The Class fii Is Not Invariant Under Squares 



For a general operator T on Hilbert space, it is well known that the hyponormality of T does 
not imply the hyponormality of T 2 ([21]). However, for a unilateral weighted shift W a , the 
hyponormality of W a (detected by the condition < ctk+i for all k > 0) clearly implies 
the hyponormality of every power W™ (m > 1). For 2- variable weighted shifts, one is thus 
tempted to expect that a similar result would hold, especially if we restrict attention to the 
class S)i of commuting hyponormal pairs of subnormal operators. Somewhat surprisingly, it 
is actually possible to build a 2- variable weighted shift T G S)\ such that T^ 2 ' 1 ) ^ fii, and we 
do this in this section. 

We begin with some basic results. First, we recall a hyponormality criterion for 2-variable 
weighted shifts. 

Lemma 2.1 {[6]) (Six-point Test) Let T = (T 1 ,T 2 ) be a 2-variable weighted shift, with weight 
sequences a and ft. Then T is hyponormal if and only if 



H T (k) 



>0 (allk= (h,k 2 ) EZ 2 J. 
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k + 2e 2 



k + e 2 




k + s 1 + e 2 



(0,3) 



(0,2) 



(0,1; 



K 



a 



an 
ao 



aoai 



OL2 



k + ei k + 2ei 



(0,0) (1,0) (2,0) (3,0) 

Ti 



Fig. 1. Weight diagram used in the Six-point Test and weight diagram of the 2-variable weighted 
shift in Lemma 2.4. 

Next, given integers i and £ (£ > 1, < % < £ - 1), consider H = £ 2 (Z + ) = V^ { e i)- Define 
7~Li '■= \fjLo{eej+i}, so H = 0i=o7ij. Following the notation in [14], for a weight sequence a 
let 



P ie (a) = a(£ : i) := {U. e m ^ a ej+i+m }f = ; 



(2-1) 



that is, o(£ : i) denotes the sequence of products of weights in adjacent packets of size 
£, beginning with ctj • • • For example, a (2 : 0) : aio^i, a^a^, 040:5, • • • , o(2 : 1) : 

Oi0 2 , 0:30:4, o 5 o 6 , ■■ ■ and o(3 : 2) : o 2 o 3 o 4 , o 5 o 6 07, o 8 o 9 Oio, • • • . Observe that, using the 
notation introduced in (1.2), Pa = PqiS' 1 . For a subnormal weighted shift W a , it was proved 
in [14] that Wp ie ( a ) is also subnormal (all £ > 1, < % < £ — 1). In fact, more is true. 

Lemma 2.2 ([14J) For t > 1, and < i < £ — 1, Wp.j a \ is unitarily equivalent to W^Hi- 
Therefore, is unitarily equivalent to ©f=o^P«(a)- Consequently, is k-hyponormal if 
and only if Wp it ( a ) is k-hyponormal for each i such that < i < £ — 1. Moreover, if W a is 
subnormal with Berger measure £ Q; then Wp a ( a ) is subnormal with Berger measure 

i i 

dCp u{a) (s) = dtp MSi{a) (s) = T^dtpjs) = -JL^dtaisi) (0 < i < £ - 1). (2.2) 



7i(a) 



7i(«) 



Example 2.3 Let W a = shift(ao, a±, ■ ■ ■ ) be a subnormal weighted shift, with Berger measure 
£ a . Then s/n/t(o 2 03, O4O5, ...) = Wp 22 ( a ) is also subnormal, with Berger measure d^ a {-/s) . 



To produce an example of T = (Ti,T 2 ) E Sji such that T^ 2,1 ) fii, we start with an example 
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given in [10]. For < k < 1, let a = {a n }^ =Q be defined by 

K^f if n — 

^§P> if„>i. 

We know that W 7 ^ is subnormal, with Berger measure 

2 2 

d£ a ( s ) : = (1 - K 2 )d5 (s) + %-ds + ^r-dSxis) ([10, Proposition 4.2]). 



(2.3) 



For < a < 1, consider the 2-variable weighted shift given by Figure 1, with a = {a n }%L as 
above. 

Lemma 2.4 ([10]) Let T = (Ti,T 2 ) be the 2-variable weighted shift whose weight diagram is 
given by Figure 1, with < a < y^. TTien 
(%) Ti and T 2 are subnormal; 

(ii) T E f)i if and only ifO<K< h^a) : = /32 " 48a4 



59-72o 



81 -144a 2 



(Hi) T e 9)2 if and only if < k < h 2 (a) := \/ ~ 157 _ 3ma 2 +1Ua 4 , 
(iv) T G f)oo if and only if < k < h^a) := -j==^- 

Remark 2.5 Close inspection of the proof of Lemma 2.4 reveals that the hyponormality of the 
2-variable weighted shift T whose weight diagram is given by Figure 1 extends beyond the range 
< a < As a matter of fact, the hyponormality of T is controlled by the nonnegativity 

of the two expressions, f(a) := 84 — 95a 2 andg(a,n) := (72a 2 — 59)/t 2 + 32 — 48a 4 . Of course, 



the nonnegativity of f requires a < yff, while to analyze the second expression we need to 
consider three cases: (i) 72a 2 — 59 < 0; (ii) 72a 2 — 59 = 0; and (Hi) 72a 2 — 59 > 0. In case (i), 
g(a, k) > a 4 < § and k 2 < f 9 Zf 2 ^ 2 ; in case (ii), a 2 = §§ and g(a, k) = 32 - 48(f) 2 < 0; 
and in case (Hi), g(a, k) > <^ a 2 > || and k 2 > ffzfff 2 "- Now, it is easy to verify that 
on the interval (y^ff, y^] the expression ^I^a 2 ^ s a ^ wa V s greater than 1, and since we must 
have k < 1, case (Hi) cannot really happen. If we now observe that a < y^ is implied 
by the condition a 4 < |, we conclude that T is hyponormal if and only if a < ^/| and 

-<V^15 = Ma). ' 



Theorem 2.6 Let T = (Ti,T 2 ) be the 2-variable weighted shift whose weight diagram is given 
by Figure 1. Then T^ 2 ' 1 ) = (T 2 ,T 2 ) is hyponormal if and only ifO < k < a 2 i(a) := 3y/ 

with < a < ^/|. 



-5a 4 
-60a 2 ' 



Proof. For m = 0, 1, let H m := \lf =Q {e {2j+ m,k) ■ k = 0, 1, 2, • • • }. Then i 2 (Z 2 + ) = H Wi, 
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and each of Ho and Hi reduces T 2 and T 2 . We can thus write 

(T 2 ,T 2 ) = (W a{2:0) © (J® 5 o ),T 2 | Wo )0(W Q(2:1) © (/®C/+),T 2 | Wl ). 

By [16, Theorem 5.2 and Remark 5.3], the second summand, (W a ^:i) (B (I <8> U + ),T 2 \h 1 ), is 
subnormal. Thus, the hyponormality of (T 2 , T 2 ) is equivalent to the hyponormality of the first 
summand, (W a ^:o) © (I <8> S a ), T 2 \u )- Now, to check the hyponormality of the first summand, 
by Lemma 2.1 it suffices to apply the Six-point Test at k = (0, 0). We have 



' alal — a?«n — — K,a aii ^ 

tt r\\ — 6 A 1 u a ai u x 

H (W a(2 .. 0) (B(I®S a ),T 2 \ no ){U) = 2 

— Ka ai 1 — k J 



To l^ 2 V^da 2 \k 2 ) ^ 
o(l-« 2 )(£-f« 2 )>6(£-i 



^ a(a, k) := (60a 2 - 47)/t 2 + 27 - 45a 4 > 0. 

As in Remark 2.5, three cases arise: (i) 60a 2 -47 < 0; (ii) 72a 2 -59 = 0; and (iii) 60a 2 -47 > 0. 
In case (i), h(a, k) > <^ a 4 < | and k 2 < ^Z§qJ ] in case (ii), a 2 = |^ and h(a, k) = 
27 - 45(g) 2 < 0; and in case (iii), h(a, k) > <^> a 2 > |j and k 2 > 2 ^~_fS ■ As before, it is 
easy to verify that on the interval {\f%, 1] the expression pz|o^ ls always greater than 1, and 
since we must have k < 1, case (iii) cannot really happen. We conclude that T is hyponormal 
if and only if a < v/| and k < \J 9 ^Zq^J = h 2 i(a), as desired. □ 



We are now ready to formulate our first main result. Consider the two functions h\ and a 21 in 
Remark 2.5 and Theorem 2.6, respectively, restricted to the common portion of their domains, 
namely the interval (0, \J\}- A calculation shows that there exists a unique point a,i nt G (0, y/|] 
such that hi(a int ) = h 2 i(a int ); in fact, a int = 0.8386. Figure 2 shows two regions in the (a, n)- 
plane, one where T is hyponormal but T^ 2 ' 1 ) is not, and one where T^ 2,1 ) is hyponormal but 
T is not. For added emphasis, we include the graphs of h 2 and mentioned in Lemma 2.4, 
which are only defined on the interval (0, y^]. We thus have: 

Theorem 2.7 Let T be the 2-variable weighted shift whose weight diagram is given by Figure 
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1. Then 

(i) T efa and T^ 1 ) £ fa < 

(ii) T i fa and G fa 



a-int < a < ^| and /121(a) < k < hi(a) (see Figure 2). 
> < a < dint and h\{a) < k < h 2 i(a) (see Figure 2). 

Teft and T^ 2 ' 1 ) ^ fa for (a, re) in this region 
hi 




Fig. 2. Graphs of hi, h 2 i, h 2 and h^ on the interval [0, y| 



3 A Large Class for Which (T?,T 2 ) G fa 



{Ti,Ti)efa 



(Ti,T 2 )efa 



It is well known that for a single operator T, the subnormality of all powers T n (n > 2) 
does not imply the hyponormality of T, even if T is a unilateral weighted shift ([29]). In 
the multivariable case, the analogous result is nontrivial if one further assumes that each 
component is subnormal. To study this, we begin by recalling some useful notation and 
results. Given a weighted shift W a , a (one-step) backward extension of W a is the weighted 
shift W a {x), where a(x) : x, ao, cti, a 2 , 

Lemma 3.1 (Subnormal backward extension of a 1-variable weighted shift; cf. [7], [16, Propo- 
sition 1.5]) Let W a be a weighted shift whose restriction W a \c to C := V{ei, e 2 , • ■ • } is sub- 
normal, with Berger measure //£. Then W a is subnormal (with Berger measure n) if and only 
if 

(i) \ G L 1 (/i£) ; and 



(ii) a 2 < 



J- 1 - 



In this case, dji{t) = ^-dfi c (t) + (1 — a o 



)d5 (t), where 5 denotes Dirac measure at 



0. In particular, W a is never subnormal when ^c{{^}) > 0. 

Corollary 3.2 Let W a be a subnormal weighted shift, let C 2 := V{e 2 , e%, ■ ■ ■ } and let fi£ 2 
denote the Berger measure ofW a \c 2 . Then ct\ is completely determined by jj,c 2 , namely a\ = 
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More generally, for j > 3 let Cj := V{e,-, e J+ i, • • • } ; and let fi Cj denote the 



Berger measure ofW^c^, then Qj-i 



Proof. Without loss of generality, we prove only the first assertion. Since W a \ c is subnormal, 



Lemma 3.1 implies that a\ < 



i 1 (/*£,)' 



" 1 . If strict inequality occurred, then the measure 



He would have an atom at 0, which would render the subnormality of W a impossible. □ 



To state the 2- variable version of Lemma 3.1, we need to recall two notions from [16]: (i) given a 



probability measure pnlxF 



x . 



H-j 



with j G L l (ji), the extremal measure \x ext (which 



is also a probability measure) on X x Y is given by dfi ext (s,t) := (1 — S (t))- 



-dfi(s,t); 



and (ii) given a measure \x on X x Y, the marginal measure fx is given by fi := \x o 7r^ , 
where ir x '■ X x Y — > X is the canonical projection onto X. Thus, ti x (E) = fj,(E x Y), for 
every E C X. Observe that if /z is a probability measure, then so is ji x . For example, 



d(£ x r]) ext (s,t) = (l-6 (t))- 



(3.1) 



and (£ x ?y)' 



Lemma 3.3 (Subnormal backward extension of a 2-variable weighted shift; cf. [16, Proposi- 
tion 3.10]) Consider the following 1-variable weighted shift (see Figure 3), and let M. be the 
subspace of £ 2 {J? + ) spanned by the canonical orthonormal basis vectors associated to indices 
k = (&4, fc 2 ) with k\ > and k 2 > 1. v4ssw?ie i/ioi 7£io(T) = T|^ subnormal with Berger 



measure jj, M and that W := shift(a 00 ,a>i , 
T subnormal if and only if 
(i) \ G L 1 



00 



Moreover, if (3 { 



Berger measure jiofTis given by 



1, then (hm) 



) subnormal with Berger measure v. Then 



x 

ext 



= V. 



In the case when T is subnormal, the 



d/i(s, t) 



Ado 



L 1 (/j.m) 



d(n M )ext(s,t) + (dv(s) - A 



00 



d(» M )* t (s))d5o(t). 



Definition 3.4 (i) The core of a 2-variable weighted shift T is the restriction ofT to A4i D 
Mi, in symbols, c(T) := T\ MinA f 1 = Uu(T). 

(ii) A 2-variable weighted shift T is said to be of tensor form ifT = (I ®W a , Wp®I). When 
T is subnormal, this is equivalent to requiring that the Berger measure be a Cartesian product 
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(0,3) 



02 



(0,2) 



«02 



«12 



"22 



V2 



yi 



02 



Oil 



02 



OL 2 



'01 



(0,1) 



an 



«21 



Vi 



x 



01 



ai 



0i 



«2 



00 



«00 



(0,0) 



«10 



(1,0) 



«20 



(2,0) 



Ti 



yo 



(3,0) (0,0) 



Xl 



(1,0) 



£2 



(2,0) 



Ti 



(3,0) 



Fig. 3. Weight diagram of the 2-variable weighted shift in Lemma 3.3 and weight diagram of a 
2-variable weighted shift with 7^n(T) = (J ® W a , Wp ® I), respectively. 

(Hi) The class of all 2-variable weighted shifts T G f)o whose cores are of tensor form will be 
denoted by TC, that is, TC := {T G $)o : c(T) is of tensor form} . 
(iv) For each k = (£4, fc 2 ) G let A k := {T G i^o : ^fcifc 2 ( T ) G TC}. 

Observe that for k, m G 1? + with k < m (i.e., m — k G we have A k C A m . Thus, 

the collection {A^} forms an ascending chain with respect to set inclusion and the partial 
order induced by 7? + . Moreover TC = Aq C A^ for all k G Z+. All 2-variable weighted shifts 
considered in [16], [17], [18] and [10] are in TC. Thus, TC is a rather large class; as a matter of 
fact, much more is true. The following theorem shows that an outer propagation phenomena 
occurs for TC. 



Theorem 3.5 For all k G 1\, A k = TC. 

Proof. Since we always have TC C A k , we prove the reverse inclusion. Without loss of 
generality, it is enough to show that if T G S)q and T]jn 2a yv- 2 is of tensor form, then c(T) is 
of tensor form. If T\ M2n j K f 2 is of tensor form, then shift((3 22 , P23, • • • ) = shift((3 kl2 , Pk^, • • • ) 
for all ki > 2. The subnormality of T2 then implies that shift((3 kl o,f3 kl i, ' ' ') is subnormal 
for all ki > 2. By Corollary 3.2, we have f3 kl \ = 



1 (kx > 2), where £ kl is 



the Berger measure of shift((3 kl2 , (3 kl 3, •••)■ Thus, shift((3 21 , (3 22 , • • • ) = shift((3 kll , (3 kl2 , ■■■) 
for all hi > 2. Now, since f3 2 i — A^i (all ki > 2), the commutativity of T x and T 2 implies 
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«fci2 = OL kl i for all ki > 2. Thus, shift(a 2 i, a 3 i, ■ ■ •) = shift(a 2k2 ,a 3k2 , • • ■ ) for all k 2 > 1. By 
the subnormality of T x and Lemma 3.1, we have shiftman, a 2 ±, ■ ■ ■ ) = shift(a lk2 , ct 2k2 , ' ' ' ) 
for all &2 > 1. Therefore c(T) is of tensor form. □ 



We now consider the 2-variable weighted shift given by Figure 3, where W x := shift(x 0: x\, ■ ■ ■ ) 
and W y := shift(yo, yi, • • • ) are subnormal with Berger measures \x y and fi x , respectively. Fur- 
ther, we let W a := shift(oti, a 2 , • • • ) and Wp := shift(0i,(3 2 , • • • ) be subnormal with Berger 
measures £ and rj, respectively, and we let r := 
have: 



E (0, oo] and (s) := We then 



Theorem 3.6 Let T = (Ti,T 2 ) eTC. Then H W (T) e #oc if and only if x 2 rr] < (/j J/ ) 1 . In 
i/izs case, the Berger measure ofJl w (T) is x 2 ^ x r] + 5 x ((?7 2/ ) 1 — x 2 rrf), where (r) y ) 1 is the 
Berger measure of the subnormal shift shift(yi,y 2 , ■ ■ ■ ). 

Proof. This is a straightforward application of Lemma 3.3, if we think of 7£io(T) as the 
backward extension of c(T) (in the s direction). □ 



LH(Vyf 2 ) 



, where 



Proposition 3.7 Let T = (T U T 2 ) e TC. T/jen 

(Vesp. (%)2^ ^ s Berger measure of shift(yi,y 2 , • • •) (res;?. shift(y 2 y 3 ,y4y5, • • ■)). More- 
over, 



^ ^ = f3 2 \ , where rj 2 is the Berger measure of shift(fl 2 fl 3 , /3 4 /5 5 , • • •). 



Proof. Since shift(yo,y 1 , • • • ) has Berger measure 77^, we have (drj y ) l = -^dr] y (t); moreover, 

^0 



the Berger measure of shift(y 2 , y 3 , ■ ■ ■ ) is (drj y ) 2 (t) 
shift(y 2 y 3 , y^ys, • • • ) has Berger measure (dry. 



"2 W ~ Sg»? 



drj y (t). Thus by Lemma 2.2, 



y/2 



VoVi 



drj y (y/i). Observe that 



I r A 1 1 M 2 - 1 r^ 2 y 2 ?/ 2 



where A := \\shift(y ,yi, 



Thus, we get 



LH(Vyf 2 ) 



, as desired. 



Next, we observe that drji(t) = -hdrj(t) is the Berger measure of shift(/3 2 , /3 3 , • • • ) and drjf(t) 

Ml 

|2 



: 0dr](y/t) is the Berger measure of shift((3 2 (3 3 , (34(3$, ■ ■ •). Let -B := ||s/u/£(/3 , A, • • • )|| : we 
then have 



as desired. □ 
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We next recall that (Ti,T 2 2 ) can be regarded as the orthogonal direct sum of two 2- variable 
weighted shifts. For m — 0, 1, let 



K m := y{e U &+ m) :j = 0,1,2, ■■■}. 

k=0 

Then 1 2 {1? + ) = Ti°@Ti 1 and each of H° and H 1 reduces Ti and T 2 . Thus, (7\, T 2 2 ) is subnormal 
if and only if each of (T 1? T 2 2 ) | w o and (T^Tf)!?* 1 is subnormal. The weight diagrams of these 
2-variable weighted shifts are shown in Figure 4. 



(0,6; 



(0,4; 



V4V5 



rp2\ 
J 2 l„0 



(0,2; 



0405 



V2V3 



xfh 



yoyi 



x 



0203 



x 



0405 



OL2 



0203 



Q2 



xyo§iai 



x xx 
X2 



(0,0) 



(1,0) (2,0) 



2 \ H 1 



(0,7 



(0,5 



(0,3 









V5V% 

yimvzvi 


0506 


0506 

a>2 


V3V4 

x/3i/3 2 
mm 


0304 

ai 


0304 


vm 

X 


0102 

OL\ 


0102 

a>2 



(0,1) 



(1,1) (2,1) 



T1 L 



Fig. 4. Weight diagrams of {Ti,^)] and (?i, Jf))^ in the proof of Proposition 3.8 and Theorem 
3.9. 

We first focus on (7\, T|) \ H v. 

Proposition 3.8 Let T = (Ti,T 2 ) e TC. Then (Ti,T 2 2 )|-^ 1 subnormal if and only if 
TZio (T) zs subnormal. 

Proof. First, recall that shift(yo, y\, y 2 , • • • ) has Berger measure that d (r) y ) 1 (t) = ^zdr) y (t) 
and that d (i] y ) 2 (t) = -T-zdr) y (t). Now, Theorem 3.6 states that 

(Ti, T 2 )\mi is subnormal x 2 r^ < (r] y ) 1 . 
On the other hand, Theorem 3.6 (applied to (Ti,T|)| Wl ) says that 

(Ti,T 2 2 )| Wl is subnormal •<==>- x 2 rr] 2 < (77^)^ , 
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and if (T 1? T 2 )| Wl is subnormal, its Berger measure is x 2 £ x rf + S x {{r) y )\ — x 2 rr) 2 ), where 
is the Berger measure of shift(yiy 2 ,y3y4, ■ ■ ■) and rf is the Berger measure of Wp : = 
shift(fli(3 2 , 0304, ■ ■ ■)■ By observing that 

x 2 rr] 2 < (ri y )\ & x 2 rdr](Vi) < d (r) y ) 1 (Vt) x 2 rdr](t) < d (r) y ) 1 (t), 

we obtain the desired result. □ 

Theorem 3.9 Let T = (T^T^ G TC. Then 

(T^l*) e fin (TlT 2 )e^ (T U T 2 ) e fi^ 

Corollary 3.10 Let T = (T 1; T 2 ) G TC. If (T U T 2 ), (T 2 ,T 2 ) G floo, then (T 1? T 2 ) G ^co- 
in view of Corollary 3.10, the following conjecture for 2-variable weighted shifts seems natural. 
Conjecture 3.11 If{T u T 2 ), {T 2 ,T 2 ) G Sj^, then {T^T 2 ) G 

Proof of Theorem 3.9. Clearly, it is enough to show that (Ti,T 2 2 ) G fioo =>• (7i,T 2 ) G 
i^oo. Since (Ti,T|) G f)oo =>■ (^i^DIw G fjoo, our strategy consists of first characterizing 
the subnormality of T and of (Ti,T 2 2 )|^o in terms of the given parameters (y®, is, etc), and 
then establishing the desired implication at the parameter level. That is, we will show that 
(Ti,T 2 )\ n o G 53oo =>■ T G i^oo using their parametric characterizations. Proposition 3.8 will 
help us characterize the subnormality of T. Recall that (Ti,T 2 )\ ni is subnormal if and only 
if (T 1 ,T 2 )\ Ml is subnormal, and in that case the Berger measure of (T 1 ,T 2 )\ Ml is 

AM/! = x 2 i x V + x - x 2 rr]). 



We then have 
1 

Thus, we get 



J jdLi M {s,t) 



x 2 r 



+ 



J jd{r ]y ) 1 (t)-x 2 r 



1 




1 


1 


£1(1,) 





^((^Jl) 



(3.2) 



d(ii M )ext(s, t) = d{x 2 £ xr] + 5 x ((r] y ) 1 - x 2 rr])} ext (s, t) 

1 



t 



-{x 2 d£(s)dri(t) + dS (s)(d (7 ly ) 1 (t) - x 2 rdrt(t))} 



1 



1 




t 





'x 2 di(s) d -^ + d5 (s) - s*r*#)) } . 
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From (3.2), it follows that 



fx 2 



x 

ext 



o 

XT 



1 




t 





1 - 



1 




t 


^((%)l) 



So- 



(3.3) 



If we let (f denote the right-hand side in (3.3), it follows that 



(Ti,T 2 ) is subnormal -^yl 



{^M)ext < v ( b y Lemma 3.3) 



V < Hx (using (3.2). 



(3.4) 



We have thus characterized the subnormality of T. 

We now consider the 2- variable weighted shift (T\, T 2 )\ n o and the associated subspace HM := 
V{e k G H° : k 2 > 1}. Observe that (Ti,Tf)| w o can be regarded as a backward extension of 
(Ti, T 2 )\ nM , an d that the latter is subnormal with Berger measure 



where r\\ (resp. (r) y )l) is the Berger measure of shift((3 2 ^ fafe, • • • ) (resp. shift(y 2 y 3 , 1/41/5, •••))■ 
We then have 



(3.5) 



and 



d{HHM)ext(s, t) = d9 ext (s, t) 

1 



-d9(s,t). 



L 1 (imhm) 



From (3.5), we have 



x 2 (3 2 1 
t 



x 2 r(3 2 1 
t 



)S • (3.6) 
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If we now let ip denote the expression in braces in the right-hand side of (3.6), Lemma 3.3 
combined with (3.5) imply that 



(T 1? T 2 2 )| w o is subnormal 



^ vlvl 



(3.7) 



Observe that 



^((%)i) 



— x l rfi{ 



2 

XT 



(3. 



By combining (3.7) and (3.8), we easily see that 

(Ti, T 2 2 ) | n o is subnormal |/q 



(3.9) 



We thus have a characterization of the subnormality of (Ti,T 2 2 ) | w o. From (3.4) and (3.9) it 
now follows that the subnormality of (Ti,T 2 2 ) implies the subnormality of (Ti,T 2 ). □ 

It is straightforward from Definition 3.4 that a flat 2-variable weighted shift Te jj necessarily 
belongs to TC. Thus, the following result is an easy consequence of Theorem 3.9. 

Corollary 3.12 Let T= (Ti,T 2 ) be a flat 2-variable weighted shifts, that is, a 2-variable 
weighted shift T e 5}o gwen fry Figure 5. Then we have (Ti, T 2 2 ) e i^oo i/ awei owZ?/ i/ (T 2 , T 2 ) e 
^oo i/ and on/y i/ (Ti, T 2 ) e i}^. 

For a flat, contractive 2-variable weighted shift T = (Ti,T 2 ), we can give a concrete condition 
for the subnormality of T. To do this, let shift(ao, a±, ■ ■ ■ ) and shift((3o, • • • ) have Berger 
measures £ and 77, respectively. Also, recall that for < a < (3, shift(a, j3, j3, ...) is subnormal, 
with Berger measure (1 — ji)5q + jpSp*. To avoid trivial cases, and to ensure that each of Ti 
and T 2 is a contraction, we need to assume that ab n < IT™ =1 /3j, and we shall see in Theorem 

2 

3.13 that we also need jp < 



, where rji is the Berger measure of shift(0i, /3 2 , fa, - • •). 
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Finally, we know from [17, Theorem 3.3] and [18, Section 5] that if T = (Ti,T 2 ) is subnormal, 
then £ and f] are of the form 



f = p5 + q5 1 + [1 - (p + 

77 = -U(5 + ^2 + [1 - (u + v)]a, 



(3.10) 



where < p,q,u,v < 1, p + q < 1, u + v < 1, and p, a are probability measures with 
p({0} U {1}) = 0, a({0} U {b 2 }) = 0. We then have: 



(0,3) 



(0,2) 



(0, 1; 



ab 



01 



00 



a 



«/3q 



«/3q 



Q!2 



(0,0) 



ft 



y 



(1,0) (2,0) (3,0) (0,0) 

Ti 



ft 



ft 



«.</ 



02 



01 



at; 



(1,0) (2,0) (3,0) 

Ti 



Fig. 5. Weight diagrams of the 2-variable weighted shifts in Theorem 3.13 and Lemma 4.3, respec- 
tively. 

Theorem 3.13 Let T = (T 1 ,T 2 ) G S)o be a contractive 2-variable weighted shift whose weight 
diagram is given by Figure 5, let v := i]({b 2 }) and £ = p5o + q5i + [1 — {p + q)]p, with 
p, q > 0, p + q < 1 (cf. (3.10)), and let r\\ denote the Berger measure of shift(fli, fa, • • • )• 
Then (Ti,T 2 ) G ijoo if and only if 



fa < min < 



b r 



p 



( 


1 


a 2 \ 




f 


LHm) b ' 2) 



■y/q, 



\ 



1 




t 





Proof. We first observe that 

fi M = a 2 5i x 5 b 2 +5 x (771 - a 2 ^). 



(3.11) 
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Using (3.10) and (3.11), a calculation shows that (Ti,T 2 )\mi G £>oo if and only if (3 < \y/v. 
Observe that 

a 2 \ . a 2 . ) 

Li( m ) O 2 / O 2 J 



ext 



1 


1 


1 




t 


t 







By [16, Theorem 5.2], (Ti, T 2 ) |a/"i G £>oc- Therefore 



(Ti,T 2 ) G^oo^t/o 2 



{^M)ext < ^ ( b y Lemma 3.3) and /3 < 



^ ^ 2 { (BlUo - £) 5 ° + ^ * and & ^ ^ 



(3.12) 



a \ 



2v aV^' a/ iuii 1 



□ 



4 Subnormality for Powers of Hyponormal Pairs 



In this section we study the connection between the joint subnormality of pairs (Ti,T 2 ) G $)\ 
and the subnormality of the associated monomials T^T^ (m, n > 1). Our results will further 
exhibit the large gap between the classes ft^ (subnormal pairs) and Sjo (commuting pairs of 
subnormal operators). We begin with the following proposition, which is a direct consequence 
of a well known result of J. Stampfli's ([28], [29]): if T is hyponormal and T n is normal for 
some n > 1, then T is necessarily normal. 

Proposition 4.1 Let T = (Ti,T 2 ) be hyponormal, and assume that (T^T^ 1 ) is normal for 
some m > 1 and n> 1. Then (Ti,T 2 ) is normal. 

In view of Proposition 4.1, one might conjecture that if (Ti,T 2 ) is hyponormal and T™T£ is 
normal for some m > 1 and n > 1, then (Ti,T 2 ) is normal (cf.[29]). But this is not true even 
if we assume that (T 1; T 2 ) is subnormal and T^T^ is normal for all m > 1 and n > 1, as the 
following example shows. 

Example 4.2 Let 7\ := C/+ Ooo and T 2 := 0^ © U+, then (Ti, T 2 ) w subnormal and T™T 2 l 
is normal for all m > 1 and n > 1. However, (Ti,T 2 ) is noi normal. 

Whether Proposition 4.1 holds with "normal" replaced by "subnormal" is not at all obvious. 
Our main result of this section states that it is indeed possible to have a pair (Ti, T 2 ) G #1 with 
rpmrpn su b norma i f or all m > 1 and n > 1, but such that (Ti,T 2 ) ^ i^. (Observe, however, 
that the subnormality of the monomials T^T^ is a condition weaker than the subnormality 
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of the pairs (T™, T 2 n ).) To do so, consider a subnormal weighted shift shift(j3i, ffa,-") with 
Berger measure rj. For < a < x < 1 and y > 0, let 



a(k) := 



x if ki = and fc 2 = 
a if ki = and A: 2 > 1 
1 otherwise 



and 



Pk 2 Hk 2 >l 



P(k) := {y if k x = and A; 2 = 
f if fci > 1 and A; 2 = 0, 

(k = (ki, k 2 ) G We now let T := (T 1? T 2 ) denote the pair of 2-variable weighted shift on 

£ 2 (Z 2 + ) defined by a(k) and /3(k). We then have: 

Lemma 4.3 Lei T = (Ti,T 2 ) be the 2-variable weighted shift associated with a and j3 above. 
Then 

(i) T = (T U T 2 ) E #i if and only if 



y < min 



^x 2 + a A -2a 2 x 2 '\ 



I 1 
t 



(ii) T = (Ti,T 2 ) G i^oo if and only if 



y< 



-1 



<l-x 2 
I -a 2 



Proof. First observe that if shift(y, Pi, fi 2 , ■ • •) is subnormal then T 2 is subnormal. To 
guarantee this, by Lemma 3.3 we must have y < 





-1 


t 





it suffices to apply the Six-point Test to k = (0, 0), since 



ftio(T) = (T u T 2 ) \ Ml = (I ® [/+, s/w/i(^, A, • • • ) <g> 7) e £ c 



and 



^oi(T) ee (T\, T 2 ) | M (I <g) 5 a , shifty, fc, fc,---)®I)e& 
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Thus, 



/ 1 - X 2 a*y _ 

> (by Lemma 2.1) 

\&-xy Pf-y 2 



^ y \l + ^-2a 2 )<(3 2 (l-x 2 



Therefore, T = (T\, T 2 ) G £i if and only if 



y < min 



PiXy/1 — X 2 
Vx 2 + a 4 - 2"^%2 ' \ 



1 1 
t 



We now study the subnormality of T. Since /ix(s,t) = [(1 — a 2 )5 (s) + a 2 5i(s)] ■ rj(t) is the 
Berger measure of (I <8> 5a, shift(f3i, f3 2 , fa, • • • ) <8> -0, Lemma 3.3 implies that 

T is subnormal 



fJ>M{s,t)* t < (1 - x 2 )5 (s) + x 2 5 1 (s) and y < 





-1 


t 


Ufa) 



Ufa) 

and y < 
y < min j 



[(1 - a 2 )5 ( S ) + a 2 5x( S )] < (1 - x 2 )<5 (s) + x 2 <Ji(s) 



1 


-1 




Lift) 




-1 


I 





1-x 2 



1 


1 -2 / 




-1 


1 


ZAfa) a 'V 


i 


£1(1,) 



□ 



^y < 





-1 


t 


Ufa) 



(because x > a implies < § and y^-fj < 1). 



We now detect the hyponormality and subnormality of the powers of (Ti,T 2 ) in Lemma 4.3. 
Let 

oo 

ft(m,i) ■= V i e (mj+i,k) ■ m > 1, < i < m - 1 and k = 0, 1, 2, • • • }. 
j"=o 
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Then £ 2 (Zq_) = ©^g 1 7~L(m,i)- Under this decomposition, we have 

rr ^ Tl (/0[/+) 0...0 (70C/+) 

and 

T 2 = T 2 Q( 8 hift(^ A, ft, • • • ) ® /) • • • Q( 8 hift(^ Pi, 

Ob Ob 

Thus, for all m > 1 and n > 1, 

m— 1 

(rr,r 2 n ) = (r 1 ,r 2 ")00(c, J D), 



i=i 



where C := I®U+ and D := (shifty, fc, fa, ••■)) n ®I. But, since (C, D) is subnormal, the 
hyponormality(or subnormality) of (T™, Tg) is equivalent to the hyponormality (or subnor- 
mality) of (Ti,T£). Therefore, (T"i,T^) is hyponormal (or subnormal) if and only if (T™,T£) 
is hyponormal (or subnormal) for all m > 1. 

Theorem 4.4 For the 2-variable weighted shift T = (Ti,T 2 ) m Lemma 4-3, the following are 
equivalent. 

(i) T^T^ is subnormal for all m> 1 and n > 1; 
(m,) TiT 2 ™ zs subnormal for all n > 1; 

fra) T/ie shift( ay — , n 2 ™" 1 /^, n?™ 2 */3j, • • • ) is subnormal for all n > 1; 
H y < f • rr^^C^ /or aMn ^ ^ w/iere *J (B) (*) := pf^-M^)- 

Proof, (i) -<=>- (u) From the above observations, we can see that T™T£ is subnormal for 
all m > 1 and n > 1 if and only if T{F% and CD are subnormal for all n > 1. But observe 
that CD is always subnormal if shift( m , /3 2 , • • • ) is subnormal. 



-<=>- (m) Let •M(jj) := V{ e i+fcj+fc : & = 0, 1,2, •••} for i,j > with ij = 0. Then 
? 2 (Z^) = 0^=o>M (*,.?)■ Under this decomposition, we have 

r 1 T 2 n -.-0w_ 1 0^ o 0w 1 0... , 



where 



PU_x : = shiftiati^Pi, tfZ-'Pj, n^SlPj, ■■■): M m — -M(o,i), 
VU : = s/w/ttay • np 1 ^, n 2 ^ 1 ^-, I^ft, • • • ) : M m — A4 (0) o), and 

^ . = sW/t (^ . n--^, n 2 ^-, n^&, • • • ) : M m — > A* ( i, ). 

Since W_i is subnormal, the result follows from the fact that if W\ is subnormal then W is 
also subnormal. 
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(in) •<=>- (iv) Since shift((3\, /3 2 , Ps, • • • ) has Berger measure 77, we can use mathematical 
induction to show that shift((3 n , f3 n+ i, P n +2, • • • ) has Berger measure b -i„m — di](t) for each n > 

1. Thus by Lemma 2.2, shifting' 1 fy, U^pj, IL*™^, • • • ) has Berger measure d^ n \t) = 



J\i — dr}(tn) for each n > 1. Therefore, by Lemma 3.1 we see that 

^1 ' rt— 1 

shift C'^ Pi , nf™; 1 ^-, n^/3j, • • • ) is subnormal if and only if y < f -j^ 1 



i 1 ^ 





-1 


t 





For a concrete example, let drj(t) := dt on [|,|], so that Pi — 1 and 



Since 7„_i = PtP$ • ■ • ft 



n—l 



Jl t n - l dr](t) 



2' 2J 

1 /3 n -l" 



□ 



= In 3. 



n 



and 72 



n-l 



2nV 



92,, 



Ufa) 

it follows that 



shift(P n , Pn+i, • • • ) has Berger measure n ' 2 ^ n i i 1 1 dt for each n > 1 on [|, |] and 
shifting 1 Pj, Il%2nPj, • • • ) has Berger measure <V n) (*) = on [(§)" , (§)"] (all n > 1). 

Moreover, 





-1 


t 





= y ^Jm^V Thus, Lemma 4.3 implies that 

(i) Ti is subnormal ifO<a<x<l; 

(ii) T 2 is subnormal ^ y < \f^', 

(hi) m,T 2 ) G & * y < m := 

(iv) (T u T 2 )E^^y<s:=^g;. 
Therefore, we have the following result. 

Example 4.5 For s < y < m and < a < x < 1, we have 
(1) T = {T u T 2 )e9) i; 
(ii) T = (Ti,T 2 ) 

(mj T^Tg is subnormal for all m > l,n> 1. 
For, observe that ifO<a<x<l, then s = 



1 l-a; 2 
In 3 1-a 2 



< 



and s < \/r^o ; 



Vx 2 +a 4 -2a 2 s 2 V In 3' 

s < m, and i£ zs £/ien possible to choose values of y between these two quantities. From 
Theorem 4-4> we can see that T^Tg is subnormal for all m > l,n > 1 if and only if y < 
- k 

for all m > 1, n > 1. 





-1 


t 





a vln3 • s ^nce V — y \n3 < a\J \n3' ^ follows that T™T£ is subnormal 
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